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We derive an upper limit for the mixedness of single bosonic mode gaussian states propagating in 

P-l' 

dissipative channels. It is a function of the initial squeezing and temperature of the channel only. 

00 

^v^j ' Moreover the time at which von Neumann's entropy reaches its maximum value coincides with that 

of complete loss of coherence, thus defining a quantum-classical transition. 
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I. INTRODUCTION 



The search for quantum squeezed states of light began in the 1950's with the pioneering works of Senitzky, Plebanski 



and others [1|, |2|, [3|, |4( . The recent and rapid development of quantum information has greatly stimulated research 
on nonclassical states of light. They play an important role in quantum information processing with continuous 

>■ n 

variables [5j], in which information is encoded in two conjugate quadratures of an optical field mode. Moreover, 

X : 

quantum mechanical squeezing of optical fields represents a means to improve the precision of measurements below 
the standard quantum noise detection. Also, squeezed states may be used as an entanglement source: for example, 
combining two squeezed states at a beam splitter creates an entangled two-mode squeezed state, as required for 

n n n 

quantum teleportation [6| or dense coding schemes [7[. On the experimental side, a proposed scheme [SI for measuring 
squeezing, purity and entanglement of Gaussian squeezed states (GSS) of light was realized recently [9|. 

As is well known, dissipative environments tend to render quantum features unobservable. Dissipative dynamics 
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of quantu m sy stems have been investigated, both theoretically [101 1 111 1121 1131 114 , 1151 1 1 61 . 1171 1181 . 1191 . 120 . 1211 1221 , 123 
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and experimentally 
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35] . Understanding the factors which limit the visibility 
and also the time scales of quantum properties (QP) is of interest if they are to be used in the context of quantum 
computation or foundations of quantum theory, e.g. the quantum - classical border. 

In the present contribution we analytically derive two essential ingredients for the visibility of QP (in the context 
of to a Caldeira-Legget type environment): (i) an upper limit for the mixedness of the initial single mode bosonic 
GSS and (ii) a time scale for (the observables) squeezing and oscillations in photon number distributions. These two 
conditions, considered together, convey in simple terms the relevant control parameters in an experiment involving 
such states. 

II. SINGLE MODE BOSONIC GAUSSIAN STATES AND THEIR DISSIPATIVE DYNAMICS 



In this work we deal with single mode displaced, squeezed, mixed Gaussian States. This class of states can always 
be put in the form 



PG 



= V(a )S(r ,(f)o)p„ S t (ro, (f) )V 1 (a ) 



(1) 



where T>(a) is the displacement operator, 5(r, 4>) is the squeezing operator and p v is the thermal density operator 
whose degree of mixedness is given by tr[a^ap y ] = v. The subscripts denote initial values. More explicitly we have 

V(a) = exp((W — a* a) (2) 
S{r,4>) = exp (ire l V 2 - T^e^V) (3) 
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The dissipative dynamics is taken to be the following master equation (we will work in units such that h = 1) 

p = Cp 

where C is the Liouvillian super-operator : 

C = — ibj[a) a, •] + k{fiB + l)(2a • — a^a • — • a^a) + 
+k ns(2a^ • a — aa) • — • aa'), 



(4) 
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known to yield good quantitative agreement with data from quantum optics (the • indicates where the super-operator 
acts). In equation (|5]) u> stands for the field frequency, rig is the average number of thermal photons and k the 
dissipation constant. 



The analytical solution of ([5]) for states of the form (JTJ) are given by 36 1 
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Now we use a well known property of Gaussian states that allows us to obtain an analytical expression for von 
Neumann's entropy 37(: any Gaussian state is completely determined by the mean values of position and momentum 
operators as well as their quadratures. The property we have in mind is the determinant of the covariance matrix 



D(t) = Det 
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(12) 
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where a xy — \ tr[/5{£, y}} — tr[xp] tr[yp\. It is easy to show that, for a single mode GSS: 
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D(t) = (u(t) + -) 



(13) 



and 



S\pu(t)] = (u{t) + 1) In (u{t) + 1) - u(t) In (v(t)) 



(14) 



where S[p u (t)\ — — tv[p u \rtp v \ is the von Neumann entropy. Note that the coherence content of the time evolved GSS 
is independent of the displacement a(t) and the squeezing phase 4>{t). The QP contained in a GSS are its squeezing 
and oscillations in photon number distribution. During the time interval when such properties are visible one finds 
an increase in entropy which afterwards decays to the purely Gaussian vacuum state (for zero temperature). In figure 
([1]) we illustrate how the initial mixedness of the GSS influences the visibility of quantum coherence. It shows the 
entropy for a pure {yo = 0) and a mixed Gaussian state (v$ = 3). In the present case the time scale for both squeezing 
and oscillations in photon number distributions coincides with the time at which the von Neumann entropy attains 
its maximum value. 



A physical understanding of the dynamical process is best afforded by the Wigner function (WF). For a GSS we 
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where Li(x) is the Laguerre function of Z order (and argument x) and we define 
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cosh r + e 4 * sinh r 

1 — i sin sinh r (cosh r + e^ sinh r ) 
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F± = \J cosh 2 r + sinh 2 r + 2 cos </> cosh r sinh r 
F 5 = 2{p + Po )-i(x-x )(F* - F 2 ). 



(16) 



The Wigner function above can also be written in a closed Gaussian form (since the dynamics do not change its 
Gaussian character): 

I ( cosh(27* ) 

W(x,p) = — — -^-expj 2+1 ^ ~~ tann ( 2r ) cos^ 2 + (1 + tanh(2r) cos0)p 2 ] + 



sin0sinh(2r) 



(17) 



At time zero the WF shows apparent squeezing in x, afterwards the WF rotates in the x—p plane and tends to become 
a pure Gaussian state. Its maximum becomes lower, the width in the initially squeezed quadrature increases and 
decreases in the other. When these squeezing effects disappear the entropy attains its maximum value, and behaves 
very similarly to the case where v — 3 (keeping the other parameters constant). In this case, there is an initial 
squeezing also, and the same dynamics takes place, however the observation time for these properties is practically 
zero. 



Next we study the photon number distribution which is given by 
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where Hj is the j-order Hermite polynomial and 
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■ exp 



(1 + A)\C\ 2 + \[B(C*) 2 + B*C 2 } 
(1 + A) 2 -|B| 2 



(19) 



and 
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Note that v, <f>, a and r are iime dependent. Figures |2]) and ([3]) show the result corresponding to the time evolution 
for the initial conditions of figure |T]) and for v a — and v$ = 3 respectively. One can see that for suitable initial 
conditions oscillations in photon number are visible for a given amount of time. As the degree of mixedness is increased 
(figure ||3J)), leaving the other parameters unchanged, only thermal-like (classical) distributions are seen. 

In the case of 1-mode GSS, there is only one time scale in the problem, that given by the time at which the entropy 
attains its maximum value, i. e., the decoherence time, given by (this result was also found in ref. [40j, for the linear 
entropy) 

■2n B + 1 
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We obtain this characteristic time by studying the time evolution of D(t) (or the entropy). Explicitly t c is the time 
when D(t) reaches its maximum value, i.e., we define t c as the positive solution for t of: 

d 



dt 



D{t) = 0. 



(27) 
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We remark that, for consistency, when t c < we assume the characteristic time to be zero, i.e., the system simply 
tends to equilibrium with the environment, without any "quantum dynamics". 

After discussing those QP of GSS we show the main result of this contribution: quantum properties will still be 
visible in initially Gaussian states provided 



This relation was obtained from analysis of equation (|13p , where we studied when and in what conditions the function 
reaches its maximum. As a matter of fact, there must be a compromise between vq and the temperature for QP to 
be visible, i.e., given an initial condition v , the temperature must satisfy 



such that an increase in D(t) (or in the entropy) is possible. Of course, aside from obeying the above inequalities the 
time scales must be experimentally accessible. 

Let us analyze the case with ns = for simplicity without loss of generality. There is a clear competition between 
squeezing and the degree of purity of the initial state: if the squeezing parameter is large enough quantum properties 
may still be visible for nonpure states with a given degree of mixcdncss. We have thus show that a growth in entropy 
signal the presence of squeezing and/or oscillations in the photon number distribution. 



In summary, we reviewed some quantum characteristics of single mode mixed Gaussian states such as oscillations 
in photon number distribution and squeezing undergoing a dissipative dynamics and obtained an upper limit for their 
initial degree of mixedness such that quantum properties may still be visible, provided the time scale for the process 
in question is realistic from the experimental view point. 
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Figure captions 

FIG. 1: von Neumann entropy for a GSS with r = 1, k = 0.1 and ns 
state we have: i/q = 3 the dashed curve (left scale); u - 

FIG. 2: Photon number distribution for a GSS with ro = 

FIG. 3: Photon number distribution for a GSS with ro : 



= 0. For the initial mixedness of the quantum 
the solid curve (right scale). 

1, k = 0.1, ^o = and ub = 0. 

1, k = 0.1, ^o = 3 and ub = 0. 
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FIG. 1: von Neumann entropy for a GSS with ro = 1, k = 0.1 and ns — 0. For the initial mixedness of the quantum state we 
have: vq — 3 the dashed curve (left scale) ; uo = the solid curve (right scale) . 
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FIG. 3: Photon number distribution for a GSS with ro = 1, k = 0.1, fo = 3 and n_g = 0. 



